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FINITE A B E L I A N  G R O U P  C O H E S I O N  

BY 

P. ERDOS AND B. SMITH 

ABSTRACT 

This paper studies the evenness of set arithmetic in a finite abelian group. 

Let G be a finite abelian group. We use CA to denote cardinality. Let 

#G=p.  For A, BCG let m(x,A,B)= #{(a ,b ) :  a+b=x,  aEA,  bEB}. 
For E C G let E '  denote its complement. 

THEOREM. (Cohesion Equation). 

Im(x,E,E)+ m(x,E',E')-m(x,E,E')-m(x,E',E)l  2 
x E G  

= ~, [ m ( x , E , - E ) + m ( x , E ' , - E ' ) - m ( x , E , - E ' ) - m ( x , E ' , - E ) [  2. 
x E G  

PROOF. Let F denote the dual group of G. Let 

= I 1 if x E U, 
f(x) 

t -1  i f xEE ' .  

Let )~(x)= 1 ( - x ) .  The Cohesion Equation states 

Y~ If*f(x)l := Z I/*f(x)l ~. 
x ~ G  x E G  

Let ] (y)  = s  x) for y E r .  Then 

= l E  I]:(Y)I : =  1 
Z If*f(x)l ~ p ,~  ~ E I1(~,).?(~')1 ~= Z If*f(x)l ~. 

x E O  ~,EF x E G  

Received April 4, 1979 

177 



178 P. ERDOS AND B. SMITH Israel J. Math. 

THEOREM 1. 

PROOF. 

min max [ m (x, E, E)  + m (x, E' ,  E')  - 2m (x, E, E')[ >= p,n. 
E C G  x E O  

Consider the right hand side of the Cohesion Equation. 

[ m(x,  E, - E)  + m(x,  E' ,  - E ' ) -  m(x, E, - E ' ) -  m(x, E' ,  - E)[ 2 

~ I m(0,E,  - E ) +  m(0 ,E ' ,  - E ' ) - m ( O , E ,  - E ' ) - m ( O , E ' ,  - E ) 1 2 = p  2. 

THEOREM II. Let A > �89 Let G be a finite group with no elements o[ order 2. 

Then 

min max I m (x, E, E)  + m (x, E', E') - 2m (x, E, E')I <= Kp ~ 
E C G  x E G  

(K  depends only on A ). 

The proof of Theorem II requires 3 Lemmas. 

For the remainder of the argument let # G = n + 1, and let there be no 

elements of order 2 in G. We consider all ways of writing G\{0} = E U F with 
# E  = # F =  n/2. Let a = ( n -  1)/n. For x E G\{0} we see that an~4 is the 

expected value of m(x, E, F), since (G\{0}) • (G\{0}) has cardinality n 2 and 

(G\{0}) + (G\{0}) represents x( ~ 0) n - 1 times. When E is understood we use 
m (x) for m (x, E, F). Let 

�9 

kl k2 ks . 

where the summation is over s-tuples of integers, k~, . . . ,  ks, satisfying: kl + 
�9 " + k s = r .  k~>=k2>=...>=ks>=l, kl . . . . .  kj,; kj,+~ . . . . .  kj,§ 
ki,+...+i, ,+, . . . . .  ki,+ .+j,. 

LEMMA 1. 

Expectation ( ~  ( r e ( x ) - , ~ o  a n / 4 y ' ) =  
x ~ 0  

+ - "  + ( P ) ( -  1 ) P ( ~ ) P } )  
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+ A ( p , p  - 1)n2(n - 2 ( 1 ) ) . . .  (n - 2 ( p  - 2 ) )  

+ A(p,p-2)n2(n - 2 ( 1 ) ) . . . ( n  - 2(p - 3)) 

+ 

+ ( - 1 ) 1  p - 1  

+ A (p - 1, p - 2 ) n n 2 ( n  - 2(1))- . .  (n - 2(p - 3)) 

179 

+ A ( p  - 2 ,  p - 3 ) n 2 n 2 ( n  - 2(1) ) . . .  (n - 2(p - 4)) 

m(x) = ~ 1 
e l a l + g 2 a 2  +.. "+enl2an/2+~lbl+'"+Snl2bnl2~X 

P a P p - 1  2 p a P p  

PRoof. The proof of this lemma is done in analogy to the proof of the lemma 

on page 130 of [11. The p = 2 argument is completely general. 
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where (a,, a2 , "  ", a,/2), (b,, b2,"  ", b,/z) represent choices of E, F and where 

(e~,e2, ' . . ,e,/2), (61, . . -, 6,/2) represent n/2-tuples consisting of one 1 and 
(n /2-  1) zeroes. So, 

E ( ( m ( x ) )  2) = ~ P ( O #  Ela, + . . .  + e,/2a./2 + 61bl + " ' "  + 6,,/2b,,/2 
x E G  
x#O 

= t ; ' l a l + . . . +  ' ' b ~ + . .  + ' t?, w2a./2 + 61 �9 6w2b./2 

where ( e , , . . . ,  e,/2), (8 , , . . . ,  8./2), (e~, . . . ,  e~r (8~, . . . ,  6~r are allowed to run 
independently. 

We abbreviate (e~,- . . ,  e,/2) = e, (8~,. . . ,  8,/2) = 6, ( a , , . . . ,  a,/2) = a, 

(b~,. . . ,  b./2) = b, e~a, + . . .  + e,/2a,/z = (e, a) and 6~bl + . . .  + 6,~2b,/2 = (6, b). 
We use P(A ]B) to denote the conditional probability of A given B. 

If e = e ' ,  B = 6 ' ,  then P((e ,a )+(&b)=(e ' ,a )+(6 ' ,b ) )=l  and 
P(O#(e ,a)+(&b))=a.  So 

P(O#(e ,a )+(&b)=(e ' ,a )+(8 ' ,b ) )= or. 
eff ie '  
8ffi8' 

If e = e'  and 6 # 8' or e # e'  

P((e,a)+(&b)=(e' ,a)+(B' ,b))=O. So 
and 6 = 6', then 

X 
(e =e ' and  8 # ~ ' )  

or 
( e # e ' a n d  8 =8 ' )  

P(O # (e, a)  + (8, b) = (e', a)  + (8', b)) = O. 

If e #  e '  and 8 #  8', then 

P ( 0 #  (e, a ) + ( &  b) = (e', a ) +  (8', b)) = 

= P(0 # (e, a )  + (6, b)).  P((e, a) + (6, b) # 2(e', a ) [ 0  # (e, a )  + (8, b)) 

�9 Pro# re, a)+(& b) - t e ' ,  a) lO# re, a)  + (8, b),(e, a)+(8, b ) #  2(e', a)) 

" e((8 ' ,b)=(e ,a)+(& b ) - ( e ' , a ) l O #  (e,a)+(8, b), 

n - 3  1 
( ~ , a ) + ( & b ) # 2 ( d , a ) , O # ( e , a ) + ( & b ) - @ ' , a ) ) = a  .--n--~_2.a "n - 3  

[n~{n )~ 1 ~,,~'~ P (O#(e ,a )+(&b)=(e ' , a )+(6 ' , b ) )= \~]  \ 7 - 1 0 l  2 n -- 2" 
8 # 8 '  
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Hence, 

2. ot 2 or 2 
E( ~'~ (m(x)--q~)2) = (22){ ( 4 ) n2(n - 2(1))+-~n2 } -  (1){  (-~) n " n 2} 

2 a 2 2 

Let . / , (s)= Ex<=,,<, ..... <,.~,(/,j2"" "j,) where j , , . .  ",I; are integers. 

LEMMA 2. (Cohesion Identities). The 1/42k identities are true. 

~(-1  Aq, j)=O, 

~ ( - l y  Aq,])Lq-1)=O, 
j=2 

~ ( - l y  Aq, j)lk-dj-1)=O. 
j=k 

The 1/4 2k-1 identities are true. 

~ ( - l y  A ( ] , ] -  1) =0 ,  
./=2 

,__~3 ( - 1 =  A O , ] -  l ) f lq-2)  =0, 

~ ( - l y  A ( j , j  - 1).fk-dj - 2) = 0. 
j=k 

The 1/4 2k-2 identities are true. 

~( - ly  A(j,j-2)I,O-3)=O, 
j=4 

(-  ly Aq, j -2)I~-~0 -3) =0. 
/=k 
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The 1/4 k+~ identity is true. 

' (7) ( - l y  , 4  q ,  j - ( k  - 1))  = o. 
i - k  

PRooF. The  proof  depends  on the following Pre lemma.  

P I ~ L E ~ , ~ .  Le t  k E {1, 2, 3 , . . .  }. In the [oUowing it is understood that the x in 

.fk (x + 1) satisfies x is an integer and  x >-_ k - l. ao, a,, a 2 , ' "  are constants but are 

al lowed to change as we go .from one identity to the next. _For each ! E 

{ - 1, 0, 1, 2 , . . . }  we have  the .following list o f  identities. ( W e  are only interested in 

these identities .for x E {0, 1, 2 , . . .  }.) 

f~(x + l) = ao" 1 + a~x + a2x(x  - 1), 

f t (x  + l) = ao" 1 + a~x + a 2 x ( x  - 1)+  " "  + a2,x(x - -  1 ) ' ' "  (X --(21 -- 1)), 

[t+,(x + l) = a lx  + a2x(x  - 1) + . ' .  + a2,+,~x(x - 1 ) . . .  (x - ( 2 ( / +  1 ) -  1)), 

f,+j(x + I) = asx(x - 1 ) - - - ( x  - (j - 1 ) )+  - . -  

+ a2o+~)x(x - 1 ) . . .  (x - ( 2 ( !  + j ) -  1)). 

PROOF Or THE PRELEMMA. The  l = - 1  identit ies are p roved  by induct ion 

using the equa t ion  fk (x)  = xfk-~(X -- 1) + fk (X -- 1). T h e  others  follow f rom the 

- 1  identit ies and substi tution. 

We  re turn  to the proof  of the Cohes ion  Identi t ies 

The  1st identi ty in each 1/4 j list can be  got ten  directly f rom mult inomial  

expansions.  

We  are left the p rob lem of showing 

(1) ~ ( - l y  A q , ] - t ) f , ( j - t - 1 ) = O  
jmr 

where  0 _-< t;  t + 2 =< r _-< k ; s = r - (t + 1). We must  use mult inomial  expansions,  

different iat ion and the P re l emma  to see this. 

Given  t = 0 we call an expression of the form u = h, + . . .  + h,_, ; hi --> " "  => 

hu-, => 1; h , . .  ", h,_, E Z a t-partition. We say that  the t part i t ions 

u = h l + . . . + h . _ ~ ,  v = i 1 +  - ' -  +/~-~ 
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are similar if (let us suppose u - t < v - t) h~ = i~, h2 = i2 , "  ", hu_, = iu-,, iu_,+~ = 

. . . .  io_, = 1. 
Fix a t -decomposi t ion and let u be the smallest number  => r with a similar 

decomposit ion.  

u = h l + . . . + h  . . . .  

If hu-, > 1, let q = 0. Otherwise let q be the largest number  satisfying h~_,_q_~ = 

. . . .  hu-, = 1. Let  u - t - q - 2 = p. Our  objective is to prove 

-h ,  - hp- ')h(j- t-1)=O. (2) , ~ ( - 1 ) ~ ( 2 k ) ( ~ ) ( J  h 2 = .  ) ' " ( ]  h, . . . . .  hp 

We  know: 

u- -q  

~l-(--1)u--q+l(u2k--q)'~ 1 ) y  .~_ , , .  +(__l)u(2k)(hU)...(hPh+q)y q 

hp +(-1)"§247 ... 
hp 

We apply D~ (D~ denotes the opera tor  that  takes the j - th  derivative with respect 

to y)  to this equat ion for j = q , "  .,2s. Let  hi + " "  + hp = H. We arrive at the 

equations 

(2k)(2k - 1 ) . - .  (2k - (q - 1))(y + x, + . . .  + xp - 1) 2k-q 

\ hp q ) q ' ( q - 1 ) " ' l  

+(_1)u+1( 2k ) (hp+q+l) } h, h 
u + l  " ' "  hp (q + l ) q ' ' ' 2 y + ' ' "  xl  " " x p P + ' - - ,  

(2k)(2k - 1 ) . . - ( 2 k - q ) ( y  + x , +  . . .  + X p -  1) 2k-q-' 

. . . .  + { ( _  u+, / 2k + 
1) ~ u + l ) ' " (  h~+q hp 1 ) ( q + l ) q . . . 1  

+ ( _ 1 ) u + 2 (  2k ) ( h p + q + 2 )  } h, h 
u + 2  " ' "  h~ ( q + 2 ) ( q + l ) . . . 2 - y + - "  x,  . . . x p  

~176 
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(2k) .  �9 �9 (2k - (2s - 1))(y + x, + . . .  + xp - 1) 2k-2~ 

. . . .  + { ( _  , + 2 J  2k 
he ] . . .  (1) 

1.H.,s+,/ 2k ) ( h p + 2 s + l )  } h, h 
+ ( -  ) - ~ H + 2 s + I  " ' "  h e ( 2 s + l ) . . . 2 . y + . . .  x, ""xp  

+ ~  

We need  to no te  that h~ + . . .  + he =< 2k - 2 s  - 2 .  A m o n g  all t part i t ions the 

largest value h~ + �9 �9 �9 + hp obtains is when p = t and h~ . . . . .  h, = 2. Hence  

h t + ' "  +hp <=2t. For a fixed t the largest value s can have is k - ( t  + 1). So 

2(k -s)>=2t +2 .  

So upon  setting y = 1 in the above  list of equat ions  and equat ing coefficients 

we can conclude that the following expressions are 0: 

( -1)"(2k) . . . (h"+u q ) q ( q - 1 ) . - . 1  

eq) 
u + l  // 2k + l ) ( q  + l ) q . . . 2 +  . . "  

he 

eq+O 

2k + 
he 

2k + ( - 1 ) " + 2 ( u  + 2 ) . . . (  h p + q + 2  hp ) ( q  + 2 ) . . - 2 +  - . .  

ezs ) 

1.H+2s/ 2k { he +2s)(2s)(2s 1 ( -  . . . .  1 ) - . .  
\ he 

+ ( - 1 )  ~ H + Z s + l  " ' "  he ( 2 s + 1 ) - . . 2 + . . .  

We  need  to see that  there  are constants  aq, �9 �9 ", a2s such that: 

fs(x + ( s - q ) + ( u - r ) )  = aqX(X- 1 ) . . . ( x - ( q -  1))+ . . .  

+ a2sx (x - 1 ) . . .  (x - (2s - 1)). 

If q = 0, there  is no p rob lem since we are allowed 1, x , . . . , x ( x -  1 ) , . - . , .  

(x - (2s - 1)) in our  expansion of f~. If q > 0, then u = r. We  will be able to find 
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aq,.. ", azs from the Pre lemma if we establish s - q _-> - 1. The largest value of q 

will occur when our partition is 

r = r o + l + . . .  + 1  
t 

r-t 

where r o = l  if t = 0 a n d r o > l i f t > 0 .  S o q = r  for t = 0 a n d q = r - t - 1  for 

t > 0 .  Now s - q = r - ( t + l ) - q .  For t = 0 ,  s - q > r - l - r  = - 1 .  For t > 0 ,  

s - q > - _ r - ( t + l ) - ( r - t - 1 ) = O .  

This finishes the proof of Lemma 2 since the left hand side of (2) is 

aqeq + . . .  + a2se2s = 0 + 0 +  " '"  + 0  

and (1) is a linear combination of expressions of the form (2). 

LEMMA 3. 

E m(x)  --  <--__ K n  k§ 

x#0 

(K depends only on k ). 

PROOF. This is a calculation using Lemmas  1, 2. 

PROOF OF THEOREM II. We must make a computat ion.  Let/3 = 1/n. Using the 

argument  of Lemma  1 we have 

n 2 n 2 n 2 1 n 2 

The Theorem now follows from this computat ion and Lemma  3. 
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