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FINITE ABELIAN GROUP COHESION

BY
P. ERDOS AND B. SMITH

ABSTRACT
This paper studies the evenness of set arithmetic in a finite abelian group.

Let G be a finite abelian group. We use # to denote cardinality. Let
#G=p. For AL BCG let m(x,A,B)= #{(a,b): a+b=x, a€EA, bEB}.
For E C G let E’' denote its complement.

Tueorem. (Cohesion Equation).

> |m(x,E,E)+m(x,E',E')—m(x,E,E")—m(x, E', E)|

x€G

= > |m(x, E, — E)+ m(x, E', —E')-m(x,E, - E')—m(x, E', — E)[.

x€G

Proor. Let I' denote the dual group of G. Let

1 if x €EE,
fx)=
~1 ifx€E'.

Let f(x) = f(— x). The Cohesion Equation states
2 ff= 2 1f*FF.
Let f(y)=Zsecf(x)y(—x) for y ET. Then

S 1+ =3 S IFmE =3 3 (Fnfor = 3 I+ foF.
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THEOREM 1.
réxclg max |m(x, E,E)+ m(x,E',E')—2m(x, E,E')|=p'".
Proor. Consider the right hand side of the Cohesion Equation.
> |m(x, E, —E)+m(x,E', —E")- m(x, E, - E')—=m(x, E', = E)[

=|m(,E, —E)+m(,E', —E)-m(0,E, - E')-m(0,E’, - E)| =p°.

THEOREM II. Let A >3. Let G be a finite group with no elements of order 2.
Then

. [ n __ ! A
gggx}lgglm(x, E,E)+m(x,E',E')-2m(x,E,E")|=Kp

(K depends only on A).

The proof of Theorem II requires 3 Lemmas.

For the remainder of the argument let # G =n +1, and let there be no
elements of order 2 in G. We consider all ways of writing G\{0} = E U F with
#E=#F=n/2. Let a =(n-—1)/n. For x € G\{0} we see that an/4 is the
expected value of m(x, E, F), since (G\{0}) X (G\{0}) has cardinality n* and
(G\{0}) + (G \{0}) represents x(# 0) n — 1 times. When E is understood we use
m(x) for m(x, E, F). Let

ki+ - +k\(k,+ - +k k11 1
A(”s)=2(l k, )( ks )(k)ﬁ,_'ﬁ

where the summation is over s-tuples of integers, ki, - - -, k,, satisfying: k,+
”‘+k,=r. k,ik;é"'ék,gl. k1="'=kjl; kjl+1="‘=kil+k;"';
kfﬁ'“‘*i:—l"" == kir""'ﬂ]'

LEmMMA 1.

Expectation( > (m(x)—an /4)?) =

£ 3 {(E)emeor+(,7, )= ()

e () )
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- (5){(%")",,2(" —2(1)(n=2(2) - (n —2(p — 1))

(%) A@p-Dmin =20+ (n =20 -2)
+ (‘Z')”A(p, p=2n*(n —2(1)- - (n —2p - 3))
sors e
+1 (2 {(§) e —2a)-- (20 -2)
+ (g)"“A(,, —1,p=2)nn*(n—2(1))-- - (n — 2(p —3))
s (%)2A(p—1,l)nn2]
#1072 () wenn 209+ (1200 - 3)
+ (;:)"‘A(p =2,p~3)n’n*(n —2(1)) - - (n ~ 2(p — 4))
s (%)SA(p—Ll)nznz}

+ -+

e Qe Q)

Proor. The proof of this lemma is done in analogy to the proof of the lemma
on page 130 of [1]. The p =2 argument is completely general.

(3 -2))-
£ 2 {Demer- (o) 0)())

x#0

m(x) = > 1
€11t €280 %+ 8y 3G 12+ 81 b+ 48y obp p=x
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where (ai, az, -, a.n), (by, by, -, b.) represent choices of E, F and where
(&1, €2, €ar2), (81,7, 8,2) represent n/2-tuples consisting of one 1 and
(n/2—1) zeroes. So,

E E((m(x)))= E PO#ea;+ -+ + €aplup+ b1+ -+ + 8.12bu2
xEG

x #0

=giaq+ - +Em@upt 81bi+ o + 8 b

where (&1, *, €x2), (81, *, Bur2), (€1, +, €1p), (81, -+, 81,) are allowed to run
independently.

We  abbreviate (&1, ", e.n)=¢, (81," ", 8:2)=8, (a1, -, a.)=a,
(b, -+, b.2)=b, g1a1+ - + €up@up= (e, a) and &b, + -+ +8.2bn2 = (4, b)
We use P(A IB) to denote the conditional probability of A given B.

It e=¢, 6=8, then P((¢,a)+(5b)=(c,a)+ (&, b)=1 and
P(0#(g,a)+(8,b))=a. So

’ P(0#(e,a)+(8,b)=(¢',a)+(8',b)) = (%’)2‘1-

1]

=
5=

If e=¢’ and 8# 8 or e#¢e' and =48, then
P((e,a)+(8,b)=(¢',a)+(8',b))=0. So

2 PO#(e,a)+(3,b)=(e',a)+(&, b)) =0.

(e=e'and 8 %8’

(e =8
If e#¢' and 8% &', then
P(O#(c,a)+(8,b)=(c',a)+ (8", b)) =
=P(0#(5,a)+(5,b)) P((s,a) +(8,b) # 2(c', a) |0 # (¢, a) + (8, b))
“P0# (e, a)+(8,b)—(¢',a) |07 (¢, a) + (8, b), (¢, a) + (5, b) £ 2(e’, a))
-P((8',b)=(s,a)+(8,b)—(¢',a) | 0# (¢, a) + (5, b),

n-3 1
n-2 n-3

(s,a)+(8,b) #2(¢',a),0# (s,a)+(5,b)—(¢',a))=a -

e#e'

8#8°

; P(O;é(e,a)+(6,b)=(s’,a)+(8’,b))=(§)2<§—1)2a2 1



Vol. 39, 1981 FINITE ABELIAN GROUP COHESION 181

Hence,

B(2 (mer-5)) = GH(E) w20+ )= G (5) =)
(o) ]

Let f(s) = Zigj,<jp<-<i=s(if2* * * ) where ji, - -, j, are integers.

LemMa 2. (Cohesion Identities). The 1/4°* identities are true.
& 2k ..
> -1(*)adn=o,
i=0 ]

3 -17(%)aG.png-v=0,

2k 9k N -
;((_1)’(} )A(]’])fk—l(]_l)=0,
The 1/4**7" identities are true.
2k 2k N )
2 17(,- )A(J,J 1)=0,

3y (*F)adi-vri-2=0,

;(”17(2}’()“‘0’1’—1)1‘:(—20—2)=0.
The 1/4**7? identities are true.
2k 2k N B
;(—1)’(}, )A(I,]—Z)—O,
,Z}(‘IY(z,-k)AU,f-z)f,(j—a)=o,

2k

2 (- IY(Z].")A(,',; —2)fes(j —3)=0.

j=
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The 1/4* identity is true.
& 2k ..
> (-1y(*F)aGi-w-1)=0.
j=k ]
Proor. The proof depends on the following Prelemma.

PrReLEMMA. Letk €{1,2,3,:--}. In the following it is understood that the x in
fi(x +1) satisfies x is an integer and x = k — l. ao, a,, a,, - - - are constants but are
allowed to change as we go from one identity to the next. For each |l €
{-1,0,1,2,- -} we have the following list of identities. (We are only interested in
these identities for x €{0,1,2,---}.)

filx+D=ao-1+a;x +ax(x—1),

fix+D=ao-1+ax+ax(x—1)+ - +aux(x—1)---(x — (21 - 1)),

frin(x +)=ax +ax(x —1)+ - + ayenx(x —1)--- (x = (2(I +1) - 1)),

fuilx+D=ax(x-1)---(x—-(FG-1)+---
+ az(l+i)x(x - 1)‘ e (x —(2(l +])_ 1))

Proor ofF THE PRELEMMA. The ! = —1 identities are proved by induction
using the equation fi(x)= xfi_i(x — 1)+ fi(x —1). The others follow from the
—1 identities and substitution.

We return to the proof of the Cohesion Identities

The 1st identity in each 1/4' list can be gotten directly from multinomial
expansions.

We are left the problem of showing

& 2k .
) 3 -1y(%)aGi-npG-1-n=0
where 0=t;t+2=r=k;s=r—(t+1). We must use multinomial expansions,
differentiation and the Prelemma to see this.

Given t =0 we call an expression of the formu =h;+ --- + h,_,; L= - --
h- =1; hy, -+, h._, € Z a t-partition. We say that the ¢ partitions

v

“=}l1+"'+hu-¢, v=i1+ - +ti,
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are similar if (let ussuppose u —t<v—t) =i, ha =13 ", huct =gy lumy1 =
=i, =1
Fix a t-decomposition and let u be the smallest number = r with a similar
decomposition.

u=h1+...+hu-h

If h._, > 1, let ¢ = 0. Otherwise let q be the largest number satisfying h,_,—,-, =
-+- =h,,=1. Let u—t—q—2=p. Our objective is to prove

@ ZEv(F))0) 07" T ==

We know:

(Y+x+ o +x, =1 = +{(_1)u—q(u2_kq)(“h—lq)...(;::)
e (@)

i f 2k h+q+1Y . S
(-1 l(u+1)”'< b h‘: )yq:+...}xyx;...x;+...‘

We apply D/, (D’, denotes the operator that takes the j-th derivative with respect
to y) to this equation for j =¢,--,2s. Let h; + --- + h, = H. We arrive at the
equations

QK)Rk-1)---Rk—(g— D)y +x,+ -+ +x, -1
= +{(_1)u<2uk)....(hph+Q>q q-1---1

P

wf 2k h,+q+1 1
+(___1) 1(u+1)...( P hf )(q+1)q...2y+...}x:...x:l’.l....,

(Zk)(Zk - 1) ot (2k —q)(y +x;+ -+ X, — 1)2k—q-1

= +{(_1)u+1(u2fl)...(hv+h‘:+1)(q+1)q...1

' u+ 2k h +q+2 hy h,
( 1) Z(u 2)...( P hp )(?|2)(q+1)...2.y+...}xl...xp
+.n-’
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(Zk)- .. (2k -(2s— 1))()’ +x 4+ x,— 1)2k—2s

=... +{(~1)H*25(H2-:(2s). --(h"}:;zs)(Zs)---(l)

a2k ).”(hp+25+1) Y .“} gt
+(-1) <H+2s+1 h, @Cs+1)---2-y+ X, X,

L

We need to note that h;+ --- + h, =2k —2s ~2. Among all ¢ partitions the
largest value h,+---+ h, obtains is when p=¢ and h,=---=h, = 2. Hence
h,+---+h, =2t For a fixed ¢ the largest value s can have is k — (¢t +1). So
2k —s)=2t +2.

So upon setting y =1 in the above list of equations and equating coefficients
we can conclude that the following expressions are 0:

(_1)u<2uk)...(hv+‘1)q(q_1)...1

u

" +(*1)"“<uz4’_(1)“'(hp +hf+1)(q+1)q“-2+
)

a+1)

° +(_1)u+z<u2f2)...(hp+hz+2)(q+2)...2+...

€2)

2k )‘”<h,,+2s+1

' _ H+2s+1 e ve
+(-1) <H+%+1 h ﬁ%+n 24

We need to see that there are constants a,, - - -, a,, such that:

(s —g)t@m-r)=ax(x-1)-(x—(q-1)+---
+axx(x—1) - (x —(2s—1)).

If q =0, there is no problem since we are allowed 1,x,---,x(x—1),---
(x —(2s — 1)) in our expansion of f. If g >0, then u = r. We will be able to find

’ .
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a,* -+, @ from the Prelemma if we establish s — q Z — 1. The largest value of ¢
will occur when our partition is

r=ro+1+ - +1
[N —

r—t

where ro=1if t=0and ro,>1if t>0.Soq=r fort=0andq=r—1t—1 for
t>0.Now s—q=r—(t+1)—q For t=0,s—q=r—1-r= —1. For t >0,
s—qzr—(t+1)—-(—t-1)=0.

This finishes the proof of Lemma 2 since the left hand side of (2) is

ae,+ - taye,, =0+0+ .- +0
and (1) is a linear combination of expressions of the form (2).

LeMMmA 3.

x€G
x#0

2k
E| > (m(x)—aTn) )éKn"+l
(K depends only on k).
Proor. This is a calculation using Lemmas 1,2.

PrOOF OF THEOREM II. 'We must make a computation. Let 8 = 1/n. Using the
argument of Lemma 1 we have

E(mo-8%))=6(3) (3-1) 755 +al5) -# (%) o

The Theorem now follows from this computation and Lemma 3.
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